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Abstract
The effects of a correlated linear energy/velocity chirp in the electron beam in the free electron laser
(FEL), and how to compensate for its effects by using an appropriate taper (or reverse-taper) of the
undulatormagnetic ﬁeld, is well known. The theory, as described thus far, ignores velocity dispersion
from the chirp in the undulator, taking the limit of a ‘small’ chirp. In the following, the physics of
compensating for chirp in the beam is revisited, including the effects of velocity dispersion, or beam
compression or decompression, in the undulator. It is found that the limit of negligible velocity
dispersion in the undulator is different from that previously identiﬁed as the small chirp limit, and is
more signiﬁcant than previously considered. The velocity dispersion requires a taperwhich is
nonlinear to properly compensate for the effects of the detuning, and also results in a varying peak
current (end thus a varying gain length) over the length of the undulator. The resultsmay be especially
signiﬁcant for plasma driven FELs and low energy linac driven FEL test facilities.
1. Introduction
The free electron laser (FEL) is now established as the brightest source of coherent hard x-rays in theworld, with
facilities currently operational in theUSA [1] and Japan [2], and about to come online in Switzerland [3] and
Hamburg [4] in the near future.
Owing to itsﬂexibility and capacity for improvement,methods to further advance the radiation output are
currently a topic ofmuch research, and there aremanymethods proposed to improve the temporal coherence,
increase the ouput power, and produce otherwise different types of output, such asmulti-peaked spectra, pulse
trains, x-rays with orbital angularmomentum, or isolated short pulse output (see [5–9]; see also [10] and
references therein).
There is also great interest in reducing the size and cost of future FELs by utilising novel accelerator
technology. Plasma accelerators are considered a promising future driver of FELs, with their high accelerating
gradients and large peak currents. The electron beams typical of plasma accelerators possess small emittance, a
large energy spread, and are very short compared to beams frommore conventional linac sources. These
characteristics provide challenges in beam transport both to and through the undulator.With regard to the FEL
gain, the large energy spread is potentially themost deleterious feature atﬁrst glance, butmeasurements and
simulations imply that a large proportion of the energy spread is corellatedwith the temporal bunch coordinate.
This chirp in the beam energy causes a detuning in the FEL resonant frequency along the length of the bunch,
and it is well known that this can be compensated forwith an appropriate tapering of the undulatormagnetic
ﬁeld [11]. The energy difference between the front and the back of the electron bunchwill result in a velocity
dispersion as the beampropagates, but it has generally been assumed that this can be neglected in the FEL. Thus,
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previous analytic work describing the use of undulatorﬁeld tapering to compensate the beam chirp neglected
this consideration.
However, with the increased interest in novel accelerator concepts as FEL drivers, e.g. use of plasma
accelerators [12–15] or the synthesis of broadband beams from linacs as in [16, 17], the case of larger chirps has
becomemore relevant. In this regime, dispersive effects can no longer be ignored, and the beam current and
energy spread are a function of propagation distance through the undulator. Consequently, the gain length of
the FEL is then itself a function of distance. In addition, dispersion due to the chirpwill cause the gradient of the
chirp to vary upon propagation,meaning that the taper necessary to compensate the chirp is also a function of
undulator propagation length, andwill not be linear.
FEL codes which employ ‘slices’with periodic boundaries tomodel the electron beam [18–21] cannotmodel
this dispersion properly, as the electrons cannot travel between slices, and so cannotmodel any current
redistribution through the undulator. The length of an individual slice is ﬁxed and thus cannotmodel the
disperions-induced locally varying decompression. In addition, the slowly varying envelope approximation
(SVEA) [22]means that they cannotmodel a broadband range of frequencies produced by large energy
differences due to the chirp and/or a large taper. So-called ‘unaveraged’ FEL codes [23–27] are free of these
limitations. For this reason, the unaveraged 3DFEL code Pufﬁn [23] is used in the following analysis.
In the following, the theory of compensating a beam chirpwith an undulator taper is revisited, now
including the effects of a velocity dispersion. The limits onwhen this dispersion is important are identiﬁed, and a
more general expression for the taper required to compensate for an initially linear chirp is found. It is found
that the limit of negligible dispersion is different, andmore prohibitive, than the previously identiﬁed limit. The
resulting beam compression or decompression varies the peak current, impacting the gain, evenwhen cancelling
the detuning effect with a taper. Using an initially linear chirp and compensating for the detuningwith the new,
correct taper, the effect on the gain from the beam compression is isolated from the detuning effect, and
calculated analytically, and is compared to numerical simulations. It is shown that a linear energy chirp does not
disperse linearly, and so in this case the detuning effect cannot be completely compensated forwith a linear
taper. Finally, 3DFEL simulations are presented to illustrate the effects on the output power of including
signiﬁcant velocity dispersion.
Note that typically the term ‘taper’ refers to the technique of reducing the undulatormagnetic ﬁeld, and
‘reverse-taper’ refers to the opposite; in the following, for brevity, we use the term ‘taper’ in amore general sense
as altering themagnetic ﬁeld, either increasing or decreasing.
2. Revisiting the theory in scaled notation
Using the scaled notation of [23], the propagation distance through the undulator is scaled to the 1D gain length,
and the temporal coordinate in the stationary radiation frame is scaled to the 1D cooperation length, so that,
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where v czj zjC  is the z velocity in the undulator normalised to the speed of light. The subscript r denotes some
reference velocity, which is usually sensible to take as themean velocity of the beam, butwhich in generalmay be
any velocity, as themodel presented in [23] allows a broadband description of both the radiation ﬁeld and the
electron energies. The resonant frequency corresponding to this reference velocity is then determined by
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and so, from equation (3), the electronswith p 1j2  are resonant with this reference frequency.
Tapering is achieved by varying z a z aw w0B ( ¯) ¯ ( ¯) ¯ , which is the relative change in themagnetic undulator
ﬁeld from its initial value, as deﬁned in [28].
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The gradient of an electron beam chirpmay then be deﬁned as
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onlywhen assuming small deviations in energy, assuming a small chirp so that
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and assuming small deviations in the undulatormagnetic ﬁeld, 1B x .
Rewriting the formula for the taper required to compensate the detuning effect [11] from a chirp in the above
notation, we obtain
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3.Dispersive and broadband effects
To take into account dispersive effects, it is convenient to describe the systemusing the p2 phase space. p2j is the
scaled velocity of the jth electron in the z2¯ frame, and so describes, linearly, how the beamwill disperse. It also
linearlymeasures the resonant wavelength of the electron; from equation (3)
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so it is the inverse of the frequency scaled to the reference frequency.
Relaxing the constraint on the energies—once again allowing large energy changes—then equation (7) is no
longer correct. In the 1D limit, and using a helical wiggler, from equation (3), p2jmay be deﬁned as a function of
α and γ as
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under the approximation that , 1j rH H  , ignoring any transverse velocity spread (1D limit), and ignoring any
interactionwith the radiation ﬁeld (in the planar wiggler, one obtains the equivalent expression for p2j averaged
over thewigglemotion).
Using this deﬁnition, ﬁgure 1 shows the effect of tapering in the z p,2 2( ¯ ) phase space, and showswhat occurs
when compensating for energy changes correlated in z2¯ . The red electron, initially in the slice indicated, emits
radiation at frequency kr before slipping back to the right. Recall this is the stationary radiation frame, and the
head of the pulse is to the left. The blue electron, slipping back into the thin slice,ﬁnds itself interacting with
radiation it is not resonant with. By varying, or tapering, themagnetic ﬁeldα, the value of p2 of the blue electron
can bemanipulated, and reduced to the red electron’s original value of p2; therefore it is now resonant with the
radiation in the slice originally emitted by the red electron.
Consequently, if an electron beamhas an initial linear chirp in p2, so that
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then the correctmagnetic ﬁeld taper to ensure the beam stays resonant should cause each electron to follow the
line of the chirp deﬁned bym. Figure 2 shows this. It plots themean energy of a beam, and the corresponding
mean p2, as a function of z2¯ , at the start (z 0¯ ) and end of an undulator tapered to compensate for the chirp.
The tapermay be derived from equations (3) and (9), forcing p z md dj2 ¯ and zd d 0jH ¯ , and solving forα.
The solution is found to be:
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which reduces to the solution of equation (7) onlywhen
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For FEL’s usingmagnetic undulators, where a 1w0
2 2¯ , condition (13) is satisﬁed.
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Figure 1. Showing themanipulation of p2 by variation of the undulatormagneticﬁeldα. By altering themagnetic ﬁeld, onemay guide
the blue electron to the correct value of p2 to be resonant with the radiation in the slice indicated.
Figure 2.Top: the electron beammean energy γ as a function of scaled temporal coordinate z2¯ at the start (red) and end (blue) of the
undulator. Bottom: same beam, nowplotting themean p2 of the beam. The conversion from p2 to γ can be obtained from equation (9).
This is the stationary radiation frame, and the head of the beam is to the left, so the beam slips backwards through the ﬁeld from left to
right.
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Tomeasure the beam compression or decompression from this linear p2 chirp, remembering that p2 is the
velocity of the electron in z2¯ , then the change in the pulsewidth z2T is
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so a stretch factor Smay be deﬁned as
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From this, it is seen that condition (12) is the limit of negligible dispersion in the undulator. This is different
from the limit of a small chirp as previously identiﬁed in equation (6), which is simply
m 1. 16∣ ∣ ( )
For a typical SASE FEL, the undulator is approximately z 10 15x¯ – long, so the dispersive condition at the end of
the undulator ismore restrictive than the previously deﬁned ‘small chirp’ limit by around an order ofmagnitude.
For LPWAFELs, which have a larger slice energy spread and larger ρ, the undulator lengthmay even be
z 30 35x¯ – (recall z¯ is scaled to the 1D gain length).
4.Measuring the effect on the gain length
The dispersion has an effect on the ‘3D’ gain length [29], as the compression/decompressionwill cause a change
in the peak current and energy spread of the beam. The change in peak current can be analytically estimated very
simply by
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The dispersionwill also alter the localised, or ‘slice’ energy spread of the beam.However, in this case, when
using a linear chirp in p2with the taper in equation (11), every electron follows the linewith gradientm in the
z p,2 2( ¯ ) phase space (seeﬁgure 2), so the slice p2 spread does not change despite the compression/
decompression. This corresponds to a variation in the peak transverse velocity, which is controlled by the peak
magnetic ﬁeld (it is, of course, this control of themagnitude of the transverse wiggle which allows one to control
the resonant frequency of the FEL through the undulatormagnetic ﬁeld).
The other consideration is that the gain length is different for each frequency; here, the frequency is linearly
corellatedwith z2¯ , and, because the taper is compensating perfectly, this correlation isﬁxed across the full
undulator. Again refering toﬁgure 2, themean p2 at an instantaneous point in z2¯ remains constant, but the
correspondingmean energy (from the top plot) is very different. Picking a coordinate initially in the centre of the
beam, z c2¯ , with corresponding beam energy cH , which is a function of z¯ , then the normailised energy of the
electron resonant with theﬁxed frequency is given by
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where z 0c c0H H ( ¯ ).
From the deﬁnition of the FEL parameter, the gain length then varies as
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where Lg0 is the gain length at z 0¯ , and the gain length as referred to here is the Xie gain length, with only the
energy spread parameter included.
A comparison of this analytic expressionwith the unaveraged FEL code Pufﬁn is shown inﬁgure 3. Relevant
parameters used are 0.01S  , a 2w0 ¯ , 800rH  and m 0.04  , and slice spread of 1%rT H H . The gain
length fromPufﬁn ismeasured numerically from the radiated energy narrowly ﬁltered around the frequency at
z c2¯ , and compareswell with the analytic result. Note that the exponential gain region is z 4x¯ to 8;x before this
is the startup regimewhere there is no gain, and after this the system is in saturation. There is good agreement in
the exponential gain regime.
Note that there are apparentﬂuctations in themeasured gain length from shot-to-shot, indicated by the
error bars. This is due tomeasuring only a narrow bandwidth of frequencies, corresponding to a narrow ( lc )
temporal slice of radiation. As a SASE FEL spike passes over this ﬁltered area, the apparent gain lengthwill fall
and rise. Being SASE, the temporal SASE spikes occur at essentially random temporal coordinates with each
shot, giving a variation in the apparent ‘instantaneous’ gain length, which averages out overmany shots.
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By using a linear chirp in energy, the beam compresses asymmetrically, and it is not possible the compensate
for the detuning effect for all frequencies simultaneously. Figure 4 plots the same quantities asﬁgure 2, butwith a
linear energy chirp, and the taper is calculated numerically to keep the reference frequency at z 152 ¯
interactingwith electrons resonant with it (so, in this case, keeping p 12  ). The same can be done for any
frequency emitted, so it is possible to preferentially compensate for certain frequencies, but it is not possible to
properly compensate for all frequencies across the bunch simultaneously.
However, this does not necessarly result in a higher power at that frequency. Other factors, such as the energy
and slice spread, change differently for each frequency. Only the detuning effect is being compensated for; the
other quantities (e.g. current), varying asymmetrically across the bunch,may result in less ormore gain at other
frequencies when all effects are accounted for.
Consequently, there is a large range of tapers which can be considered ‘optimum’. But the detuning effect
can only be completely removed across thewhole bunch, for all frequencies, when the beamhas a linear chirp in
p2, and using the taper described in equation (11). In that case, the effect on the gain length can be easily
predicted.
Note that, in the above, only 1D effects have been taken into account. There is no examination of the change
in diffraction parameter, beamdivergence parameter etc (from [29]) occuring as a result of the dispersion.
5. 3DLWAexample
To illustrate the effects in a practical example, results from3DPufﬁn simulations using parameters whichmay
be expected from a laser plasma accelerator driven SASE FEL are now shown, displaying strong dispersive
effects. The simulation uses a beam charge of Q pC100 , energy E 400 MeV , length of 6 mNx in aﬂat-top
current proﬁle, homogeneous or ‘slice’ spread of 0.7%T H H , and normalised emittance of 1 mN . The beam is
longer thanmight be expected froma ‘typical’ LWA, tominimise the effects of a varying interaction length [30],
whichwould further complicate the behaviour. To keep the current similar to our generic LWAcase, the total
beam charge is consequently increased from a usual scenario. Note that in Pufﬁn it is necessary to tail off the
edges of the ﬂat top current proﬁle with a short gaussian proﬁle to remove the effects of self-ampliﬁedCSE [25],
leaving only the SASE process.
This beam is injected into a helical undulatorwith initial undulator parameters a 2.0w0 ¯ , 2.5 cmwM  ,
giving a FEL parameter 0.0128S  , a 1D gain length of L 0.155 mg0  , and resonant
wavelength 100r0M x nm.
The previous 1D analysis described an idealised systemwith linear chirps in the scaled velocity p2, and used
nonlinear tapers. In practice, nonlinear tapers as described in equation (11) can bemechanicallymore difﬁcult
to realise than linear tapers, and the beam energy chirp is usually taken as linear. For this reason, in this example
only linear energy chirps andmagnetic ﬁeld tapers are considered.
Two cases are considered; theﬁrst with no chirp andno taper, and the secondwith a linear energy chirp
(such that the higher energies are towards the front of the bunch) and a linear compensating taper (such that aw¯
Figure 3.Variation in gain length as a function of distance through the undulator due to dispersive effects. Analytic from equation (19)
(green) compared to the gain length,measured from the numerical result produced in Pufﬁn (blue, circles). The result fromPufﬁn is
averaged over 10 shots, with the error bars indicating the standard deviation of the result.
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increases along the undulator). The chirp gives an energy change of 1.5%over 1 mN , givingm=0.02 at the
centre of the bunch, so condition (16) is perhaps satisﬁed; however, because the undulator is 26x 1D gain
lengths long, condition (12) is not satisﬁed, and the FEL interaction is strongly affected by the velocity dispersion.
3D effects here introducemore complicated effects on the gain, which include a varying betatron
wavenumberwith beam energy and a varying diffraction lengthwith frequency. As a result, the effect on the gain
is inherentlymore complex than in the 1D case. The beam radius ismatched to the natural focusing channel of
the undulator using themean beam energy and the initial aw0¯ , so that thewhole beamhas this same initial radius
for both cases; but thismay not be the optimal way to transverselymatch the beam in the chirped case.
The compensating linear tapers are scanned over a range of values to achieve an optimumoutput for the
chirped case. As noted in the previous section, due to the chirp varyingwith the undulator distance in the case of
a linear energy chirp, there is a range of linear tapers which appear tomaximise the radiated energy. For example,
here it was found that tapers of zd d 0.011 0.013B x¯ – all give extremely similar results in terms of the radiated
energy. A value of zd d 0.012B ¯ is used here.
Figure 5 shows the comparison between the chirped and unchirped cases. In both cases, the plotted result is
the average over 5 shots. There is a signiﬁcant difference in the energy output of over an order ofmagnitude,
despite the undulatormagnetic ﬁeld taper used tominimise the detuning effect in the chirped case. In that case,
where the beamdecompresses, the peak current and slice spread are both reduced, producing an overall beneﬁt
to the gain. Note that depending on the initial slice energy spread of the beam, the oppositemay be true: that
compression aids the FEL process, and the decompression hinders it.
The current proﬁle at the undulator exit in each case is also plotted, showing the differences in theﬁnal beam
proﬁle. In addition to the different peak current and beam length, themean positions of the beams are also
Figure 4. Same asﬁgure 2, nowusing an initially linear chirp in energy γ. The undulator is now tapered to try to keep themean
electron beam p2 constant at z 152 ¯ . In this case, so that it is resonant with the reference frequency kr, p 12  at z 152 ¯ . The
undulator taper is calcluated numerically, and is not linear.
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different due to the extra slippage inducedwhen changing the undulatormagneticﬁeld in the tapered case,
implying a change in themean ampliﬁed frequency.
The beam is short enough that this FEL is operating in a single-spike SASE regime. It is also short enough that
the radiation slips from the tail to the head of the bunchmore than oncewithin the undulator,meaning the taper
shifts the peak in the ampliﬁed frequencies—a single frequency cannot bemaintained at resonance for the full
undulator distance. The taper attempts tomaintain the FEL resonance condition of a frequency emitted from
the tail of the electron beam as it slips to the head of the electron beam.Due to the taper, the back of the beamwill
then begin to emit at a lower frequency, which the taper attempts to keep resonant as it slips ahead, and so on.
The result of this is that the emitted and ampliﬁed frequencies are continually detuned along the length of the
undulator. Themagnitude of the taper in this case results in an observed 50% shift in the ﬁnal ampliﬁed peak of
radiation. LWAgenerated beams are typically roughly an order ofmagnitude shorter than the beamused here,
so this can be an expected featurewhile tapering to help an LWAbeam lase.
This changing frequency, due to the taper and the shortness of the bunch, further complicates the previous
1D analysis, which examined the gain at a ﬁxed frequency. The spectra at the end of the 4 mundulator from a
single shot from each case, also shown inﬁgure 5, exhibits this change in the ampliﬁed frequency in the chirped/
tapered case, which is also implied by the different slippages from the plots of the current. Onemay see from
equation (7) that the relative frequency changewhen using linear tapers to compensate for an energy chirpwill
be reduced for larger aw0¯ . Also note that the bandwidth of ampliﬁed radiation in the chirped case is larger, as
may be expected.
These 3D examples show the beamdispersion playing an important role in the FEL gain, and that this should
be consideredwhenmeasuring the gain if the expected beam chirp does not satisfy condition (12), as itmay not
in the case of LWA’s.
6. Conclusion
It has been shown that the beamdispersion in the undulatormay bemore important than previously
acknowledged for presently achievable cases, especially in the realmof plasma driven FEL’s, and the constraint
onwhen it is relevant is actually∼ an order ofmagnitude tighter than the previously identiﬁed condition of a
‘small’ chirp. A simplemodel was presented to take the dispersion into account, which allows an analytic
solution for amatched taper to eliminate the detuning effect, and allows one to isolate the effects of the
dispersion andmeasure them. It is shown that the unaveraged code Pufﬁn agrees with this result, in an extreme
regime of FEL operation. Finally, an example shows the relevance of this work to laser plasma accelerator
driven FEL’s.
Figure 5. Left: 3DPufﬁn simulations showing radiated energy for two different cases—a chirped and an unchirped beam for
comparison. The undulator is linearly tapered to attempt to optimise the output in the chirped case. Each result is the average over 5
separate runs. Right, top: current proﬁle at the end of the undulator in each case. Right, bottom: on-axis intensity spectra at 4 m
through the undulator, for a single shot of each case. Each case has been normalised to its ownmaximumvalue to easily see the relative
wavelengths of the spectral peaks.
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In the case of LWA’s, a chicanemay be used to stretch the beambefore insertion into the unduator as in [12]
to control or diminish these effects, if they are deemed to be undesirable. If the beamdisperses within the
undulator, then thismay need to be consideredwhile optimising the chicane parameters.
The discussion need not be limited to plasma accelerators, however, and the analysis presented here is
entirely general, and can be applied to any case where a larger energy chirp is anticipated. In conventional linac
drivenUV/x-ray FELs it is unlikely that the dispersionwill be an issue at 1 GeV , but for example at facilities
used for a proof-of-principle demonstration of newFEL techniques at lower energy (e.g the proposedUK
CLARA facility [31]with energy 150 250_ – MeV), these effectsmay also be important.
DataAvailability
Data used in this researchwas generated by the FEL code Pufﬁn, which is available at https://doi.org/10.5281/
zenodo.376349.
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